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Abstract
In the present paper, motivated by Stevic´’s iteration method, we show the stability result of the
following unified iterative scheme
xn+1 = tnT vn + (1 − tn)xn + un
for a φ-strongly pseudocontractive selfmapping T . This stability result implies the stability of Ste-
vic´’s iteration scheme naturally.
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1. Introduction
Let X be an arbitrary real Banach space and let T : X → X be a selfmapping such that
the set F(T ) of fixed points of T is nonempty. A mapping f (T , ·) : X → X is said to be
an iterative scheme when f (T , ·) is considered as a procedure, involving T , which yields a
sequence of points {xn} ⊂ X defined by xn+1 = f (T , xn) for n 1, where x1 ∈ X is given.
Suppose that the sequence {xn} converges strongly to a p ∈ F(T ), and then it is denoted by
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H.M. Tamura / J. Math. Anal. Appl. 314 (2006) 382–389 383xn → p ∈ F(T ). Let {yn} be an arbitrary sequence in X. If limn→∞ ‖yn+1 −f (T , yn)‖ = 0
implies yn → p ∈ F(T ), then an iterative scheme f (T , ·) is said to be T -stable or stable
with respect to T (see [3]). We say that an iterative scheme f (T , ·) is almost T -stable or
almost stable with respect to T if
∑∞
n=1 ‖yn+1 − f (T , yn)‖ < ∞ implies yn → p ∈ F(T )
(cf. [16,21]). Clearly, an iterative scheme f (T , ·) which is T -stable is almost T -stable. In
[16] Osilike gave an example showing that an iterative scheme which is almost T -stable
may fail to be T -stable. In [3], Harder and Hicks pointed out the importance of stability
of iteration schemes from the view point of practical use of iterations, and gave some
results for the stability of iteration schemes. Recently, the stability of iterative scheme for
nonlinear mappings was investigated by several authors (cf. [14–16,18–23]).
In this paper, we treat an iterative scheme f (T , ·) involving a φ-strong pseudocontrac-
tion T . Let J denote the normalized duality mapping from X into 2X∗ given by
J (x) = {f ∈ X∗: 〈x,f 〉 = ‖x‖2 = ‖f ‖2},
where X∗ denotes the dual space of X and 〈·,·〉 denotes the generalized duality pairing.
A mapping T with domain D(T ) and range R(T ) in X is called a strong pseudocontraction
if there exist t > 1 and j (x − y) ∈ J (x − y) for all x, y ∈ D(T ) such that
〈
T x − Ty, j (x − y)〉 1
t
‖x − y‖2.
Let φ : [0,∞) → [0,∞) be a strictly increasing function with φ(0) = 0. A mapping T is
called φ-strongly pseudocontractive if for all x, y ∈ D(T ) there exists j (x −y) ∈ J (x −y)
such that〈
T x − Ty, j (x − y)〉 ‖x − y‖2 − φ(‖x − y‖)‖x − y‖.
We call a φ-strongly pseudocontractive selfmapping of X a φ-strong pseudocontraction.
The class of strong pseudocontractions and the class of φ-strong pseudocontractions have
been studied extensively by several authors (see [1,6,8,13]). It is shown in [13] that the
class of strong pseudocontractions is a proper subset of the class of φ-strong pseudocon-
tractions. It is well known that if T : X → X is continuous and strongly pseudocontractive,
then T has a unique fixed point ([17]). If φ : [0,∞) → [0,∞) satisfies that φ(0) = 0 and
lim infr→r0 φ(r) > 0 for every r0 > 0, then a continuous φ-strong pseudocontraction T has
a unique fixed point (see [6,7]).
In this paper, motivated by Stevic´’s iteration method in [23], we show the stability result
of the following iteration scheme f (T , vn, ·) involving a φ-strong pseudocontraction T and
a sequence {vn} in X:{
x1 ∈ X,
xn+1 = f (T , vn, xn) = tnT vn + (1 − tn)xn + un, (1.1)
where {tn} and {un} are a coefficient sequence in [0,1] and an error term sequence in X,
respectively. This iteration scheme gives the Mann iteration as a special case when vn = xn
(n 1) [12]. Moreover, we show that this stability result implies the stability of an iterative
scheme for a family of k selfmappings T1, T2, . . . , Tk with k coefficient sequences {t (j)n }
and k error term sequences {u(j)n } (j = 1, . . . , k) such as{
x1 ∈ X,
x = f (T ,T , . . . , T , x ) = t (1)T x(1) + (1 − t (1))x + u(1), (1.2)n+1 1 2 k n n 1 n n n n
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x(1)n = t (2)n T2x(2)n +
(
1 − t (2)n
)
xn + u(2)n ,
. . .
x(k−1)n = t (k)n Tkxn +
(
1 − t (k)n
)
xn + u(k)n ,
and
x(k)n = xn.
This iteration generalizes the Mann, Ishikawa, Das and Debata and Stevic´ iterations, and
we obtain them as special cases when we put T1 = T , T1 = T2 = T , T1 	= T2, and T1 =
T2 = · · · = Tk = T , respectively. (See [2,4,12,21,24], etc.) Our iteration defined by (1.1) is
a unified approach for these iterations, when we put vn = x(1)n . With respect to the stability
results of Mann and Ishikawa iterations, there are many results by several authors (see
[11,14–16,20,23]). Osilike gave the result of Mann and Ishikawa iterations for a φ-strong
pseudocontraction in [16], and Stevic´ generalized the stability result of Osilike in [23]. The
unified approach of (1.1) gives a natural generalization of Stevic´’s result.
2. Preliminaries
We shall give some lemmata which are needed to present our statements and to prove
the main results.
Lemma 1 [9]. Let {an}, {bn} and {cn} be three nonnegative real number sequences satisfy-
ing the difference inequality
an+1  (1 − tn)an + bn + cn. (2.1)
Suppose
{tn} ⊆ [0,1],
∞∑
n=1
tn = ∞, bn = tno(1), and
∞∑
n=1
cn < ∞.
Then
lim
n→∞an = 0.
Lemma 2 [23]. Let {an}, {bn} and {cn} be three nonnegative real number sequences satis-
fying the difference inequality (2.1). Suppose {tn} ⊆ [0,1], ∑∞n=1 tn = ∞, bn = O(tn), and∑∞
n=1 cn < ∞. Then {an} is bounded.
The following lemma plays an important role in the proof of the main theorem.
Lemma 3 [23]. Let {an}, {bn}, {tn}, {δn} and {ρn} be nonnegative real number sequences
satisfying the following conditions:
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(
1 − tn f1(bn)
f2(bn)
)
an + tnδn + ρn,
where f1 and f2 are nonnegative increasing functions on [0,∞), and f2(0) > 0,
(b) {tn} ⊂ [0,1] and lim
n→∞ tn = 0,
(c) lim
n→∞ δn = 0,
(d)
∞∑
n=1
ρn < ∞,
(e) {an} is bounded and lim inf
n→∞ an = 0,
(f) lim
n→∞(an+1 − an) = 0,
(g) lim
n→∞(an − bn) = 0.
Then
lim
n→∞an = 0.
Lemma 4 (cf. [5]). Let X be a Banach space, and let T be φ-strongly pseudocontractive.
For any x, y ∈ X and r > 0,
‖x − y‖ ∥∥x − y + r{(I − T − γ (x, y))x − (I − T − γ (x, y))y}∥∥,
where
γ (x, y) = φ(‖x − y‖)
1 + φ(‖x − y‖) + ‖x − y‖ .
The following lemma can be proved using Lemma 4, similar to the method used for a
pseudocontraction (cf. [10,23]).
Lemma 5. Let T be φ-strongly pseudocontractive on X, and let y∗ be defined by
y∗ = tT v + (1 − t)y + u
for y,u, v ∈ X, and t ∈ [0,1]. Suppose p ∈ F(T ) 	= ∅. Then
‖y∗ − p‖ 1 + t (1 − γ
∗)
1 + t ‖y − p‖ +
t2(2 − γ ∗)
1 + t ‖y − T v‖
+ t
1 + t ‖Ty
∗ − T v‖ + 1 + t (2 − γ
∗)
1 + t ‖u‖,
where
γ ∗ = γ (y∗,p) = φ(‖y
∗ − p‖)
1 + φ(‖y∗ − p‖) + ‖y∗ − p‖ .
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We shall show the main result.
Theorem 6. Let X be an arbitrary Banach space and let T be a uniformly continuous and
φ-strongly pseudocontractive selfmapping on X with a bounded range. For a sequence
{vn} in X, let an iterative scheme f (T , vn, ·) with a coefficient sequence {tn} in [0,1] and
an error term sequence {un} in X be defined by (1.1). Suppose that {tn} and {un} satisfy
the following conditions:
(h)
∞∑
n=1
‖un‖ < ∞, (i)
∞∑
n=1
tn = ∞, (j) lim
n→∞ tn = 0.
Then the following statements hold:
(I) If {yn} in X satisfies
‖yn − vn‖ → 0 (n → ∞) and
∞∑
n=1
∥∥yn+1 − f (T , vn, yn)∥∥< ∞,
then yn → p ∈ F(T ).
(II) If wn → p ∈ F(T ), then∥∥wn+1 − f (T , vn,wn)∥∥→ 0 (n → ∞).
Proof. (I) Suppose {yn} in X satisfies
‖yn − vn‖ → 0 (n → ∞) and
∞∑
n=1
∥∥yn+1 − f (T , vn, yn)∥∥< ∞.
Let εn be ‖yn+1 − f (T , vn, yn)‖ for n 1, then
‖yn+1 − p‖ εn +
∥∥tnT vn + (1 − tn)yn + un − p∥∥
 εn + tn‖T vn − p‖ + (1 − tn)‖yn − p‖ + ‖un‖.
Since T has a bounded range, there exists M such that supn ‖T vn − p‖ = M < ∞. Thus
the above inequality implies
‖yn+1 − p‖ (1 − tn)‖yn − p‖ + tnM +
(
εn + ‖un‖
)
.
Setting an = ‖yn −p‖, bn = tnM , and cn = εn +‖un‖, Lemma 2 gives the boundedness of
{yn}. Let M0 denote max{M, supn ‖yn − p‖}. Let y∗n+1 = f (T , vn, yn). From Lemma 5,
putting γn = γ (y∗n+1,p), we have an estimate of ‖y∗n+1 − p‖ as follows:
∥∥y∗n+1 − p∥∥ 1 + tn(1 − γn)(1 + tn) ‖yn − p‖ +
t2n(2 − γn)
(1 + tn) ‖yn − T vn‖
+ tn ∥∥Ty∗n+1 − T vn∥∥+ 1 + tn(2 − γn)‖un‖.(1 + tn) (1 + tn)
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1 + tn(1 − γn)
(1 + tn)  1 − tnγn + (tn)
2,
we have
‖yn+1 − p‖
∥∥y∗n+1 − p∥∥+ εn
 (1 − tnγn)‖yn − p‖ + tn
∥∥Ty∗n+1 − T vn∥∥+ (εn + 3‖un‖)
+ tn
(
tn‖yn − p‖ + 2tn
(‖yn − p‖ + ‖T vn − p‖))
 (1 − tnγn)‖yn − p‖ +
(
εn + 3‖un‖
)
+ tn
(∥∥Ty∗n+1 − T vn∥∥+ 5tnM0). (3.1)
Since ∥∥y∗n+1 − vn∥∥ tn‖T vn − yn‖ + ‖yn − vn‖ + ‖un‖,
from our assumptions we have∥∥y∗n+1 − vn∥∥→ 0 (n → ∞).
The uniform continuity of T implies∥∥Ty∗n+1 − T vn∥∥→ 0 (n → ∞).
Suppose lim infn→∞ γn = γ > 0. For any ε ∈ (0, γ2 ) and sufficiently large n, γ −ε < γn.
Then the inequality (3.1) implies
‖yn+1 − p‖
(
1 − tn(γ − ε)
)‖yn − p‖ + (εn + 3‖un‖)
+ tn
(∥∥Ty∗n+1 − T vn∥∥+ 5tnM0).
By Lemma 1 we obtain limn→∞ ‖yn − p‖ = 0.
On the other hand, if lim inf γn = γ = 0, then lim inf‖y∗n+1 − p‖ = 0. Setting bn =‖y∗n+1 − p‖, f1(t) = φ(t), f2(t) = 1 + φ(t) + t, we can apply Lemma 3 to (3.1) and we
have limn→∞ ‖yn − p‖ = 0 (cf. [23]). This means that (I) hold.
(II) Let wn → p, then∥∥wn+1 − f (T , vn,wn)∥∥
= ∥∥wn+1 − tnT vn − (1 − tn)wn − un∥∥
 ‖wn+1 − p‖ + tn‖T vn − p‖ + (1 − tn)‖wn − p‖ + ‖un‖ → 0 (n → ∞),
by the conditions of the theorem. From this (II) follows. 
Let T1, T2, . . . , Tk be k selfmappings of an arbitrary Banach space X. We consider an
iterative scheme f (T1, . . . , Tk, ·) = f (τ, ·) defined by (1.2) for a family of selfmappings
τ = {T1, . . . , Tk} with k coefficient sequences {t (j)n } in [0,1] and k error term sequences
{u(j)n } in X for j = 1,2, . . . , k. Suppose that a sequence {xn} is defined by xn+1 = f (τ, xn)
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p ∈ F(τ) 	= ∅. Let {yn} be an arbitrary sequence in X. If
lim
n→∞‖yn+1 − f (τ, yn)‖ = 0 implies yn → p,
then an iterative scheme f (τ, ·) is said to be τ -stable or stable with respect to τ. We say
that an iterative scheme f (τ, ·) is almost τ -stable or almost stable with respect to τ if
∞∑
n=1
‖yn+1 − f (τ, yn)‖ < ∞ implies yn → p.
By applying Theorem 6 under assumption that T1 is φ-strongly pseudocontractive, we
obtain Theorem 7 which proves strong convergence and almost stability of the iterative
scheme f (τ, ·) defined by (1.2). This theorem generalizes Stevic´’s result in [23]. Its proof
is obtained from Theorem 1 by putting
vn = t (2)n T2x(2)n +
(
1 − t (2)n
)
xn + u(2)n ,
because Lemma 2 gives the boundedness of {xn} and we have limn→∞ ‖vn − xn‖ = 0.
Theorem 7. Let X be an arbitrary Banach space and let T1, . . . , Tk be selfmappings of X
(k  2). Let f (τ, ·) be the iterative scheme defined by (1.2) for τ = {T1, T2, . . . , Tk}. Sup-
pose T1 is a uniformly continuous φ -strong pseudocontraction with a bounded range, and
that T2 has a bounded range. Suppose F(τ) 	= ∅ and that the following conditions hold:
(l)
∞∑
n=1
∥∥u(1)n ∥∥< ∞,
(m) lim
n→∞
∥∥u(2)n ∥∥= 0,
(n)
∞∑
n=1
t (1)n = ∞,
(q) lim
n→∞ t
(j)
n = 0 for j = 1,2.
Then the following statements hold:
(I) The sequence {xn} defined by (1.2) converges strongly to p ∈ F(τ).
(II) The iterative scheme f (τ, ·) is almost τ -stable.
(III) For any sequence {yn} satisfying that yn → p ∈ F(τ),
lim
n→∞
∥∥yn+1 − f (τ, yn)∥∥= 0.
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